A detailed description of the structure of two-ended arc-transitive digraphs is given. It is also shown that several sets of conditions, involving such concepts as Property Z, local quasi-primitivity and prime out-valency, imply that an arc-transitive digraph must be highly-arctransitive. These are then applied to give a complete classification of two-ended highly-arc-transitive digraphs with prime in-and outvalencies.
Introduction
A digraph Γ is arc-transitive if the automorphism group acts transitively on the arcs. If the automorphism group acts transitively on the set of karcs (directed paths of length k) then we say that Γ is k-arc-transitive, and a digraph that is k-arc transitive for all k is said to be highly-arc-transitive. The class of highly-arc-transitive digraphs was introduced by Cameron, Praeger and Wormald in [1] . (Notation and terminology is explained in the next section.) Various connections to other fields of research and the challenging questions and conjectures in [1] have led to many papers discussing this concept. Highly-arc-transitive digraphs exhibit a rich and varied structure and some kind of a general classification seems very unlikely.
In this paper we study two-ended highly-arc-transitive digraphs with prime valency and get a number of strong and surprising results. One such result is Corollary 14 which says that the alternets (called reachability digraphs in [1] ) in such a digraph are complete bipartite digraphs. This is a special case of Conjecture 3.3 in [1] , the general case was disproved recently by DeVos, Mohar and Šámal in [2] and Neumann in [14] . We also get a complete classification of two-ended highly-arc-transitive digraphs with prime inand out-valencies (Corollary 16). These graphs bear a close resemblance to the finite digraphs defined by Praeger and Xu in [16] and one can also see a kinship with [15, Theorem 1.1] . The final result (Theorem 19) is largely unrelated to the above except that it further demonstrates the special properties of highly-arc-transitive digraphs with prime in-and out-valencies. Further evidence of this phenomena can be found when one considers Question 1.2 in [1] about whether or not the reachability relation is universal. DeVos, Mohar and Šámal in [2] give examples of highly-arc-transitive digraphs where the reachability relation is universal, but if one assumes that the in-and out-valencies are both equal to some prime p then the reachability relation cannot be universal, see Malnič et al. [9, Theorem 3.3] .
The groundwork for the above results is done in Sections 1 and 2. Some of the results have a highly technical flavour, but we do believe them to be of individual interest. We provide several sets of conditions, involving such concepts as Property Z, local quasi-primitivity and prime out-valency, under which an infinite arc-transitive digraph must be highly-arc-transitive (see Theorem 4, Corollary 5 and Proposition 6). We then give a detailed description of the structure of two-ended vertex-and arc-transitive digraphs (see Lemma 7 and Corollary 9) . The results for digraphs with prime in-and out-valencies then follow in Sections 3 and 4.
Notation and terminology
A digraph Γ is a pair of sets (VΓ, EΓ) where VΓ is a set whose elements we call vertices and EΓ is a subset of VΓ × VΓ whose elements we call arcs. If (u, v) is an arc of Γ, then u is called the initial vertex and v the terminal vertex of the arc (u, v). We also allow, if v = w, that both (v, w) and (w, v) are arcs. A (undirected) graph is a pair of sets (VΓ, EΓ) where VΓ is a set whose elements we call vertices and EΓ is a set of 1 and 2 element subsets of VΓ whose elements we call edges. Note that undirected graphs are also allowed to contain loops.
For a vertex v in a digraph Γ we define the sets of in-and out-neighbours as in(v) = {u ∈ VΓ | (u, v) ∈ EΓ} and out(v) = {u ∈ VΓ | (v, u) ∈ EΓ}.
A vertex that is an in-or out-neighbour of v is said to be a neighbour. The cardinality of in(v) is the in-valency of v and the cardinality of out(v) is the out-valency of v. A vertex is called a source if in(v) = ∅ and a sink if out(v) = ∅. A digraph where both the in-and out-valencies are finite is said to be locally finite.
An automorphism of a digraph Γ is a bijective map ϕ : VΓ → VΓ such that (u, v) is an arc in Γ if and only if (ϕ(u), ϕ(v)) is an arc in Γ. The group of all automorphisms is denoted with Aut(Γ). For g ∈ Aut(Γ) we will write v g to denote the image of a vertex v under g and similarly for the images of arcs, k-arcs and subsets. A digraph homomorphism from a digraph Γ 1 to a digraph Γ 2 is a map ϕ :
is an arc for every integer i is called a two-way infinite arc. Two-way infinite arcs are often called directed lines.
A digraph Γ is vertex-transitive if the automorphism group acts transitively on the vertex set and arc-transitive if the automorphism group acts transitively on the arc set. If the automorphism group of Γ acts transitively on the set of k-arcs in Γ then we say that Γ is k-arc-transitive. When the automorphism group is k-arc-transitive for all k, we say that Γ is highly-arctransitive. Note that if Γ is a locally finite highly-arc-transitive digraph then Aut(Γ) acts transitively on the set of two-way infinite arcs, see [12, Lemma 1] .
A walk W in Γ is a sequence v 0 , a 1 , v 1 , a 2 , . . . , a n , v n where the v i 's are vertices and the a i 's are arcs such that
. . , n−1. The number n is the length of the walk and will be denoted by |W |. When a i = (v i−1 , v i ) we say that the arc a i is positively oriented in W but negatively oriented otherwise. A k-arc is just a walk of length k where all the arcs are positively oriented. If the vertices in a walk are all distinct then we speak about a path. One-way infinite paths v 0 , a 1 , v 1 , a 2 , v 3 , . . . are often called rays. When the digraph is without loops and asymmetric, i.e. there is no pair of vertices u, v such that both (u, v) and (v, u) are arcs, then one can leave out the arcs when discussing walks and paths and just list the vertices. A digraph is said to be connected if for any pair v, w of vertices there is a path with initial vertex v and terminal vertex w.
We say that two arcs are related if they have a common initial or terminal vertex. Let R be the transitive closure of this relation. The relation R is clearly an Aut(Γ)-invariant equivalence relation. A subdigraph spanned by one of the equivalence classes is called an alternet. If the automorphism group is transitive on arcs then all the alternets are isomorphic. In [1] this relation (defined in a different way) is called the reachability relation and the alternets are called reachability digraphs.
One can regard the set of integers Z as an undirected graph in an obvious way, but we can also regard the integers as a digraph Z with arc-set {(i, i+1) : i ∈ Z}. The complete bipartite digraph K r,s is constructed from the ordinary complete bipartite graph K r,s by directing all edges from the side with r vertices to the side with s vertices.
Consider now a group G acting on a set Ω. Denote the image of a point x ∈ Ω under an element g ∈ G by x g . The stabilizer of a ∈ Ω is the subgroup
For a set A ⊆ Ω we denote the pointwise stabilizer of A by G (A) = {g ∈ G | a g = a for all a ∈ A} and the setwise stabilizer
A proper subset B of Ω with at least two elements is called a block of imprimitivity (with respect to the action of G) if for every element g ∈ G either
If there are no blocks of imprimitivity then we say that the action is primitive. An equivalence relation on Ω that is preserved by G is called a G-congruence. If B is a block of imprimitivity and G is transitive then B and its translates, B g with g ∈ G, give us the classes of a G-congruence. Conversely, if we have a non-trivial proper G-congruence then each one of its classes is a block of imprimitivity. It is well-known that if N is a normal subgroup of G then the orbits of N form the classes of a G-congruence on Ω, i.e. if N acts non-trivially and intransitively then each orbit is a block of imprimitivity. Hence, if G acts primitively on Ω then a normal subgroup either acts trivially or transitively on Ω.
When σ is an equivalence relation on the vertex set of a digraph Γ we can form the quotient digraph Γ/σ which has the set of σ-classes as a vertex set and if A and B are two σ-classes then (A, B) is an arc in Γ/σ if and only if there is a vertex v ∈ A and a vertex w ∈ B such that (v, w) is an arc in Γ. If H is a subgroup of Aut(Γ) then Γ/H denotes the quotient digraph of Γ with respect to the equivalence relation whose classes are the H-orbits on the vertex set. If G ≤ Aut(Γ) and σ is a G-congruence then G has a natural action on the σ-classes that gives an action on the quotient digraph Γ/σ by automorphisms.
1 Digraphs with Property Z Definition 1. A connected digraph Γ is said to have Property Z if there is a surjective digraph homomorphism ϕ : Γ → Z.
The following notation will be used in this section and the next two. Let Γ be a connected digraph with Property Z and G = Aut(Γ). Suppose ϕ : Γ → Z is a surjective digraph homomorphism. Set Γ i = ϕ −1 (i). Note that if ψ : Γ → Z is another surjective digraph homomorphism then there is a number k such that ψ(v) = ϕ(v) + k for all vertices v in Γ. If v is a vertex in Γ then the digraph homomorphism ϕ is completely determined by the value of ϕ(v), and hence the collection of sets Γ i does not depend on the choice of the homomorphism ϕ.
Note that the Γ i 's are the classes of a G-congruence on the vertex set of Γ. If one of these classes is invariant under an element g ∈ G then all of them are invariant under g. Let N denote the normal subgroup of G that leaves all the sets Γ i invariant. We see that if G is vertex-transitive then N acts transitively on each of the Γ i 's and the Γ i 's are just the orbits of N. We also see that if g is an automorphism of Γ such that g takes some vertex in Γ 0 to a vertex in Γ 1 (by vertex transitivity such automorphisms exist) then Γ 
Lemma 2. Let Γ be a connected vertex-transitive digraph that has Property Z and G = Aut(Γ).
Proof. (a) From the assumptions we see that G (Γ 0 ) acts non-trivially on Γ 1 or Γ −1 . We assume that G (Γ 0 ) acts non-trivially on Γ 1 , the case where
) acts non-trivially on Γ 1 , and more generally,
where each x i is either equal to 0 or 1 gives rise to an auto-
i . Clearly different sequences give rise to different automorphisms. Hence G is uncountable. This part of the lemma and its proof is closely related to a well known result of Halin [6, Theorem 6] .
(b) For the sake of the argument we assume that G (Γ 0 ) is transitive on out(v), the other case is similar. Note that G {Γ 0 } is transitive on Γ 0 and
acts transitively on out(w). From this we see that Γ is arc-transitive. We also see that if
) acts transitively on out(u k ) and thus the pointwise stabilizer of the k-arc γ acts transitively on out(u k ). A standard induction argument now shows that Γ is highly-arc-transitive. Proof. Let m denote the number of elements in Γ i . Since G (Γ 0 ) is non-trivial it has to act non-trivially on Γ −1 or Γ 1 . We will assume that that G (Γ 0 ) acts non-trivially on Γ 1 . By part (a) of the preceding lemma the permutation group induced on Γ + 1 is uncountable. We can therefore find a number n such that G (Γ 0 ) induces more than m! distinct permutations on the set Γ 1 ∪· · ·∪Γ n . Thus there are two elements g 1 , g 2 in G (Γ 0 ) that induce distinct permutations on the set Γ 1 ∪ · · · ∪ Γ n but induce the same permutation on the set Γ n+1 . Then g = g −1 1 g 2 fixes all vertices in both Γ 0 and Γ n+1 but does not fix some vertex in Γ 1 ∪ · · · ∪ Γ n . Hence there is some number 1 < i ≤ n + 1 such that g fixes every vertex in Γ i but does not fix every vertex in Γ i−1 . By vertex transitivity we can infer that G (Γ 0 ) acts non-trivially on Γ −1 .
The following Theorem is the basis for the results in Section 3 on twoended digraphs with prime in-and out-valencies. We state the Theorem in a more general context than needed for those applications and then state the result for digraphs with prime in-and out-valencies as a Corollary.
A transitive group action is said to be quasi-primitive if every normal subgroup either acts trivially or transitively. Every primitive action is automatically also quasi-primitive and therefore any transitive group action on a set with a prime number of elements is quasi-primitive. Furthermore any transitive action by a simple group is also quasi-primitive. We say that a transitive digraph Γ is locally quasi-primitive if the stabilizer of a vertex v in the automorphism group acts quasi-primitively on both the sets in(v) and out(v). In the proof of the Theorem below local quasi-primitivity is precisely the condition needed to make the argument work. This type of argument is common in permutation group theory and the theory of group actions on graphs and explains why the concept of quasi-primitivity occurs so frequently in the literature.
Theorem 4. Let Γ be a connected vertex-transitive digraph that has Property
. Suppose that N acts trivially on both in(v) and out(v). Because G {Γ 0 } is transitive on Γ 0 and N is normal in G {Γ 0 } we see that then N would act trivially on both Γ −1 and Γ 1 . If g is an automorphism such that Γ g 0 = Γ 1 and then G (Γ 1 ) = g −1 Ng and thus G (Γ 1 ) acts trivially on Γ 2 . From this we conclude that N acts trivially on Γ 2 since N ≤ G (Γ 1 ) . In the same way we can show that N acts trivially on Γ −2 . By induction we can now show that if N acts trivially on both in(v) and out(v) then N would act trivially on the whole of Γ. Because Γ 0 is invariant under G v , we see that N is a normal subgroup of G v . Since G v acts quasi-primitively on the set out(v) and N acts non-trivially we see that N acts transitively on out(v). Now it follows from part (b) in Lemma 2 that Γ is highly-arc-transitive. Proof. The assumptions that the in-and out-valencies are prime and that Γ is arc-transitive imply that if v is a vertex in Γ then G v acts primitively, and thus also quasi-primitively, on both in(v) and out(v).
For digraphs with in-and out-valencies both equal to 2 one gets a result analogous to the results of Tutte for trivalent graphs, see [17] and [18] .
Proposition 6. Let Γ be a connected vertex-transitive digraph such that the in-and out-valencies are 2. Set G = Aut(Γ). If Γ is not highly-arc-transitive then there is a number k such that G acts regularly on the k-arcs of Γ and
|G v | = 2 k for every vertex v in Γ. In
particular, if the automorphism group has infinite vertex stabilizers then Γ is highly-arc-transitive.
Proof. Suppose that Γ is not highly-arc-transitive. Thus there is a number k such that Γ is k-arc-transitive but not (k + 1)-arc-transitive. If γ = v 0 , v 1 , . . . , v k is some k-arc then the pointwise stabilizer of γ must also fix the two vertices in out(v k ), otherwise Γ would be (k + 1)-arc transitive contrary to assumption. By using the same method as Tutte used in the proof of the main theorem of [18] one can now show that then the pointwise stabilizer of an k-arc is trivial and thus G acts regularly on the k-arcs in Γ. The number of different k-arcs starting at a given vertex v is 2 k and thus
Two-ended arc-transitive digraphs
A digraph is said to have two ends if it is connected and one gets at most 2 infinite connected components by removing a finite set of vertices. Formally the ends of a digraph (or a graph) are defined as equivalence classes of rays where two rays are said to be equivalent, or belong to the same end, if there is an infinite family of pairwise disjoint paths such that each one has its initial vertex in one of the rays and the terminal vertex in the other. This equivalence relation is clearly invariant under the action of the automorphism group and thus the automorphism group acts on the equivalence classes, i.e. the ends. The general structure of two-ended transitive graphs has been studied in several papers, see e.g. [7] , [8] and [2] . Note that by [3, Theorem 7] every two-ended vertex transitive graph is locally finite.
In the statement below, we let Z denote both the group of integers as well as the digraph with vertex-set Z and arcs of the form (i,
Lemma 7.
Let Γ be a vertex-and arc-transitive, two-ended digraph, and G = Aut(Γ). Then G contains a normal subgroup N having finite orbits on VΓ, such that either:
In particular, Γ has Property Z in case (ii) but not in case (i). Moreover, if
Γ is 2-arc-transitive, then (ii) holds.
In case (i) G acts transitively on the ends of Γ, but in case (ii) G acts trivially on the ends of Γ.
Proof. Let X be the underlying undirected graph of Γ and A = Aut(X).
Then X is 2-ended and A acts transitively on the vertices of X. We may now use [13, Proposition 3.2] which says that A contains a normal subgroup K o acting with finite orbits on VX (= VΓ) such that A/K o is isomorphic either to Z or to D ∞ . Since K o is normal in A, the K o -orbits on VX are the classes of an A-congruence σ on VX and A acts transitively on the set of σ-classes. Let K be the kernel of this action. Then K has the same orbits on VX as K o and A/K acts faithfully on the vertices of the quotient graph X/K. Since X/K is infinite and K o contains K, then A/K is also infinite, and being a quotient of A/K o , it is itself isomorphic to Z or D ∞ .
Let N denote the kernel of the action of G on Γ/σ. Then N has finite orbits on VΓ and G/N acts faithfully and vertex-transitively, as well as arctransitively, on the quotient digraph Γ/σ. Finally, the digraph Z is not 2-arc-transitive since some 2-arcs start and end in the same vertex and some do not. Hence 2-arc-transitivity of Γ implies (ii).
The final statement about the action on the ends follows easily. The automorphism group G of this digraph is D ∞ but the corresponding undirected graph X is the infinite ladder graph and its automorphism group is D ∞ × Z 2 . The subgroup K described in the above proof is equal to {e} × Z 2 and the K-orbits (that is, the σ-classes) are the sets {(i, 0), (i, 1)}. But N = G ∩ K = {e}. Hence the N-orbits do not coincide with the σ-classes. Note that Γ is not arc-transitive.
If Γ satisfies the assumptions of Lemma 7, then there exists a surjective digraph homomorphism ϕ from Γ to either Z or Z. Since the vertex-set of both these digraphs is the set Z, we may define 
(c) The in-valency of Γ is equal to the out-valency. (d) If the out-valency of Γ is odd then Γ has Property Z.
(e) If Γ is 2-arc-transitive then Γ/N = Z and Γ has Property Z.
(f) If Γ is locally quasi-primitive and the stabilizer of a vertex has more than 2 elements then Γ has property Z. (g) Suppose that the out-valency is 2. If the stabilizer of a vertex has more than 2 elements then Γ has Property Z.
Proof. (a) In this case we have in Γ arcs with initial vertex in Γ i and terminal vertex in Γ i+1 , as well as arcs with initial vertex in Γ i+1 and terminal vertex in Γ i . If all the in-and out-neighbours of a vertex u in Γ i belong to the set Γ i−1 , we say that u is backward-facing. If all the in-and out-neighbours of a vertex v in Γ i belong to Γ i+1 we say that v is forward-facing. First we look at the possibility that there exists a backward-facing vertex. By vertex-transitivity every vertex is then either backward-or forward-facing. All the neighbours of a backward-facing vertex are forward-facing and all the neighbours of a forward-facing vertex are backward-facing. Now we have a contradiction, because in this setup Γ would not be connected.
If all the in-neighbours of a vertex u in Γ i belong to the set Γ i+1 and all the out-neighbours of u belong to the set Γ i−1 , we say that u is backward-oriented. Similarly, if all the in-neighbours of a vertex v in Γ i belong to the set Γ i−1 and all the out-neighbours of v belong to the set Γ i+1 we say that v is forwardoriented. Suppose now that there exists a forward-oriented or backwardoriented vertex. Then every vertex is either backward-or forward-oriented. All the neighbours of a backward-oriented vertex are also backward-oriented and all the neighbours of a forward-oriented vertex are also forward-oriented. The assumptions in case (i) of Lemma 7 imply that Γ has both backwardand forward-oriented vertices. Then these would be in different connected components of Γ contradicting the assumption that Γ is connected.
Now we see that every vertex in Γ i has in-and out-neighbours both in Γ i−1 and Γ i+1 and all the other claims in part (a) follow.
Part (b) is a direct consequence of vertex-and arc-transitivity and the assumption that Γ/N ∼ = Z. Parts (c), (d) and (e) follow easily from parts (a) and (b).
(f) Set G = Aut(Γ). The subgroup K fixing both ends of Γ is a normal subgroup of G and has either index 1 or 2 in G. An automorphism g in K that fixes a vertex v in Γ i cannot move a vertex in Γ i−1 to a vertex in Γ i+1 and vice versa. Now K v = G v ∩ K is a normal subgroup of G v of index at most 2. The assumption that |G v | > 2 implies that this subgroup is non-trivial. If K v were to act trivially on both the sets of in-and out-neighbours of v then K v would act trivially on the whole of Γ and would be trivial. Looking at the definition of quasi-primitivity we see that K v acts transitively on the set of in-neighbours or the set of out-neighbours of v. In the case where K v acts transitively on the set of in-neighbours the vertex v cannot have in-neighbours both in Γ i−1 and Γ i+1 and by part (a) we are in case (ii) of Lemma 7 and Γ has Property Z. The case where K v is transitive on the set of out-neighbours is similar.
(g) Every digraph with both in-and out-valencies equal to 2 is locally quasi-primitive and the result now follows from part (f).
Example 10. In parts (f) and (g) of the above Corollary there is an "additional" assumption that the stabilizer of a vertex has more than 2 elements. This assumption is needed as illustrated by the the following family {Ψ n } n≥2 of digraphs.
Take two families A 0 , . . . , A n−1 and B 0 , . . . , B n−1 of directed lines. Write A j = . . . , a These graphs are vertex-and arc-transitive as can be seen easily by noticing that the roles of the A j 's and the B j 's can be interchanged. These digraphs are locally quasi-primitive but do not have Property Z.
In part (f) the assumption that the digraph is locally quasi-primitive is also needed as the following example demonstrates. Suppose that k is a positive integer. We construct a new digraph from Ψ n as follows. Replace each vertex v in Ψ n with k distinct vertices v 1 , . . . , v k and if (v, w) is an arc in Ψ n then we let (v i , w j ) be an arc in our new digraph for all i, j such that 1 ≤ i, j ≤ k. This new digraph is also both vertex-and arc-transitive, it has two ends, the in-and out-valencies are 2k and the stabilizer of a vertex is infinite. But this digraph is not locally quasi-primitive and it does not have property Z.
Two-ended digraphs with prime in-and outvalencies
In the setting of two-ended arc-transitive digraphs one can combine Theorem 4 with the description of two-ended arc-transitive digraphs. In what follows we are always dealing with digraphs that have Property Z (see Corollary 9) and we adopt the notation defined in the previous section with the addition that m denotes the number of elements in the set Γ i (all of these sets have the same number of elements). Proof. The assumption that m > 2 together with the assumption that
is non-trivial and we can apply Theorem 4 to reach our conclusion.
We now move our attention to two-ended vertex-and arc-transitive digraphs of prime out-valency. Note that in this case the in-and out-valencies are equal, see Corollary 9(c). Our analysis starts with a simple consequence of Theorem 11 and culminates in a complete description of two-ended highlyarc-transitive digraphs of prime out-valency, see Corollary 16. Proof. Follows directly from Theorem 11 above since an arc-transitive digraph with prime in-and out-valencies is locally quasi-primitive.
The following two Corollaries can be rephrased so that the assumption of prime out-valency is replaced with the assumption of local quasi-primitivity.
Corollary 13. Let Γ be a two-ended arc-transitive digraph of prime outvalency p such that m > 2 and G
Proof. Given a vertex v there are p k different k-arcs in Γ that start with the vertex v. Since G acts transitively on the set of k-arcs we see that |G v | ≥ p k > (m − 1)!. The conclusion now follows from the previous Corollary.
Cameron, Praeger and Wormald conjectured [1, Conjecture 3.3] that the alternets in a two-ended highly-arc-transitive digraph are always complete bipartite digraphs. Counterexamples were found by DeVos, Mohar and Šámal in [2] and Neumann in [14] . The following Corollary shows that the conjecture is correct if one assumes in addition that the out-valency is a prime. Before proceeding let us recap some ideas and results from [15] . Note that in [15] the focus is on finite digraphs, but the results from [15] that we need (Lemma 3.1.(ii), Lemma 3.2.
(ii) and Lemma 3.3) are all proved without using the assumption of finiteness. First we define the digraph of alternets of Γ, denoted with Al(Γ), as a digraph that has the set of alternets in Γ as the vertex set and if A and B are alternets then (A, B) is an arc if the intersection of the sinks of A with the sources of B is non-empty.
Following [10] we define the reachability relation R + 1 such that two vertices u and v are related if there is a walk that starts at u with a positively oriented arc and ends in v with a negatively oriented arc and in between the arcs are alternatively positively and negatively oriented. (In [15] this relation is denoted with A 1 .) In the case where Γ has no sinks and no degenerate alternets (an alternet is degenerate if it contains a 2-arc) then Al(Γ) is isomorphic with the quotient digraph one gets by contracting all R Next we define the partial line graph Pl(Γ) of a directed graph Γ. The vertex set of Pl(Γ) is equal to the set of arcs in Γ and two arcs a 1 = (x, y) and a 2 = (w, z) in Γ form an arc (a 1 , a 2 ) in Pl(Γ) whenever y = w, and then x, y, z is a 2-arc in Γ. (The partial line graph is more commonly called the line digraph. Here we will use the term partial line graph since that is the term used in references [11] and [15] .) Proof. We only need to show that Aut(Pl(Γ)) ∼ = Aut(Γ) and then the latter statement follows by induction. Observe first that a mapping ϕ which assigns to an arbitrary element
) yields an embedding of Aut(Γ) into Aut(Pl(Γ)). It remains to prove that ϕ maps Aut(Γ) onto Aut(Pl(Γ)) surjectively. In what follows we let ι(x) and τ (x) denote the initial and the terminal vertex of an arc x of Γ, respectively.
Let h ∈ Aut(Pl(Γ)) and v ∈ VΓ. Since Γ has no sources or sinks, we can define w as an arbitrary in-neighbour of v and u as an arbitrary outneighbour of v. Then (w, v) is an in-neighbour of (v, u) in Pl(Γ) and thus
In particular, the vertex ι ((v, u) h ) is independent of the choice of the outneighour u of v. This allows us to define a mapping ψ(h) : VΓ → VΓ by letting v ψ(h) = ι((v, u) h ) where u is an arbitrary out-neighbour of v, or equiv-
) and observe that for an arbitrary arc
h is an arc of Γ the latter equals to (v gḡ , u gḡ ) and thus v = v gḡ . Since Γ has no sinks it thus follows that gḡ is the identity on VΓ. By changing the roles of h and h
−1
we also see thatḡg is the identity on VΓ, implying that g is a permutation on VΓ.
Finally, recall that for an arbitrary arc
which is also an arc of Γ showing that g is an automorphism of Γ such that ϕ(g) = h. In particular, ϕ : Aut(Γ) → Aut(Pl(Γ)) is surjective and hence an isomorphism between Aut(Pl(Γ)) and Aut(Γ).
The alternets of a digraph Γ are defined by considering a certain equivalence relation on the arc set of Γ thus giving an equivalence relation α on Remark. DeVos, Mohar and Šámal in [2] give examples of highly-arctransitive digraphs with a degenerate alternet (i.e. an universal reachability relation), thus answering Question 1.2 in [1] . But, if one assumes that the in-and out-valencies are both equal to some prime p then there are no degenerate alternets, see Malnič et al. [9, Theorem 3.3] .
Define ∆ p as the digraph with vertex set Z×Z p and arc set ((i, x), (i+1, y)) for all i ∈ Z and x, y ∈ Z p . The automorphism group of ∆ p is the unrestricted wreath product Sym(p) Wr Z, where Sym(p) is the full symmetric group on Z p . Corollary 16. Let Γ be a two-ended highly-arc-transitive digraph of prime out-valency p such that m > 2 and G = Aut(Γ). Then Γ is isomorphic to Pl r (∆ p ) where r is such that p r+1 = m.
Proof. From the assumptions it follows that Γ is asymmetric, has neither sinks nor sources and contains no degenerate alternets. Consider a relation on the vertices in Γ 0 such that two vertices are related if they both belong to the set of sinks of the same alternet. (Recall that by Corollary 14 the alternets are complete bipartite digraphs with p vertices in each side.) This is clearly an equivalence relation that is preserved by the group G {Γ 0 } . The equivalence classes have size p. We can also define a relation with the same properties by saying that two vertices are related if they are both sources of the same alternet. Define the third equivalence relation by saying that vertices u and v in Γ 0 are related if they both belong to the set of sinks of the same alternet and they also belong to the set of sources of some common alternet. This third equivalence relation is a refinement of the first two and is either trivial or each equivalence class has precisely p elements. In the latter case Γ ∼ = ∆ p .
If the equivalence classes are just singletons then Γ is loosely attached. Then the digraph of alternets construction produces another digraph with two ends and since the digraph Γ is loosely attached the digraph of alternets has also in-and out-valency p. Note that if Γ is highly-arc-transitive and the alternets are complete bipartite graphs then Al(Γ) is also highly-arctransitive. One can see this for instance by considering a k-arc in Al(Γ). When the alternets are complete bipartite digraphs then this k-arc can be "lifted" to a (k + 1)-arc in Γ and the result follows from the assumption that Γ is highly-arc-transitive. Clearly Al(Γ) is asymmetric, has neither sinks nor sources and contains no degenerate alternets.
If m denotes the number of vertices in a fibre of a digraph homomorphism Γ → Z then the number of vertices in a corresponding fibre in Al(Γ) is m/p. Continuing in this way we will eventually reach the digraph ∆ p where there are precisely p vertices in each fibre. We can then get the digraph Γ we started with by applying the partial line graph construction repeatedly to ∆ p . The reverse of the digraph Γ is a digraph with the same vertex set as Γ and (v, u) is an arc in the reverse if and only if (u, v) is an arc in Γ. We say that Γ is skew-symmetric if Γ and the reverse of Γ are isomorphic.
There is no reason to expect a general highly-arc-transitive digraph to be skew-symmetric, for instance a regular directed tree with unequal inand out-valencies is an example of a highly-arc-transitive digraph that is not skew-symmetric. If one wants a two-ended highly-arc-transitive digraph that is not skew-symmetric then one can use Construction 2 from [2] as explained below. Start by taking a regular finite edge-transitive but not vertex transitive undirected graph T , such graphs were first constructed by Folkman in [4] . These graphs are necessarily bipartite with the two parts of the bipartition, call them A 1 and A 2 , being the orbits of the automorphism group. Since we are assuming that the graph is regular then |A 1 | = |A 2 |. Consider the graph as a digraph by orienting the edges so that all the arcs in the digraph have their initial vertex in A 1 . Construct a digraph Γ with vertex set Z × A 1 × A 2 such that ((i, a 1 , a 2 ), (j, b 1 , b 2 ) ) is an arc if and only if j = i + 1 and (a 1 , b 2 ) is an arc in T . It is shown in [2, Theorem 3.2] that Γ is highly-arc-transitive. Define Γ i as the set of all vertices of the form (i, a 1 , a 2 ) with a 1 ∈ A 1 and a 2 ∈ A 2 . The subdigraph of Γ spanned by Γ i ∪ Γ i+1 is isomorphic to the graph one gets by replacing each vertex in T with |A 1 | = |A 2 | vertices and each arc (a 1 , a 2 ) with a copy of the complete bipartite digraph K |A 1 |,|A 2 | . This subdigraph is clearly not skew-symmetric and thus Γ cannot be skew-symmetric. 
Descendant sets
The descendant set of a vertex v in a digraph Γ is defined as the set of vertices w such that for some k there exists a k-arc with initial vertex v and terminal vertex w. In many known examples of highly-arc-transitive digraphs the subdigraph spanned by the descendant set of a vertex is a tree, but this is not always the case, see [12, Example 2] . There are also examples of highly-arc-transitive digraphs where the subdigraph spanned by the set of descendants of a vertex is a tree but the digraph has only one end and is thus itself not "tree-like", see [12, Example 1] .
Theorem 19. Let Γ be an infinite highly-arc-transitive connected digraph such that the in-and out-valencies are both equal to some prime p. Then either Γ is two-ended or the subdigraph spanned by the descendant set of a vertex v is a rooted tree with out-valency p.
Proof. Let L be some directed line in Γ. Form the subdigraph F spanned by the union of the descendant sets of all the vertices in L. By [12, Lemma 3] the digraph F has out-valency p, is highly-arc-transitive and has more than one end.
If F has just two ends then the in-and out-valencies of F will be equal, see part (c) in Corollary 9, and we see that F must be equal to Γ.
In [5, Theorem 3.4] it is shown that, if Γ is a connected locally finite 2-arc-transitive digraph with more than two ends such that the stabilizer of a vertex v acts primitively on the set out(v) then the digraph spanned by the set of descendants is a tree. If the digraph F has more than two ends then F satisfies all these conditions, in particular, the stabilizer of a vertex acts transitively on out(v) and since the number of elements in out(v) is prime this action is primitive. Hence the subdigraph in F spanned by the descendants of a vertex v is a tree, but this is the same as the subdigraph of Γ spanned by the descendants of v.
